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The properties of the Lie derivative of a differential form with respect to a vector field are 
applied to some physical problems. In particular we study balance equations. 

1. Introduction 

The concept of the Lie derivative of a differential 
form (or a vector field) with respect to a vector field 
plays an important role in many domains in physics. 
Applications have been made to classical mechanics, 
hydrodynamics, optics, quantum mechanics, super-
gravity, theory of relativity and statistical me-
chanics [1—22]. Moreover partial differential 
equations (linear and non-linear), which play an 
important role in physics, can be treated within 
this so-called geometric approach [23, 24]. 

In the present paper we show how some physical 
laws can be derived within this approach. 

In Section 2 we give a summary of the rules for 
the Lie derivative and the related operations, na-
mely inner product, exterior derivative, co-deriva-
tive, and star operation. Some additional rules to 
those found in the literature will be given [1—6, 
23, 25]. Section 3 is devoted to introducing the no-
tion of invariance of a differential form with respect 
to a vector field. Moreover, we derive some relations 
for forms which are invariant with respect to a vec-
tor field. Several examples which are important in 
physics will be given (Section 4). In particular, we 
study continuity equations. 

2. Mathematical Preliminaries 

Let M be an w-dimensional C°°-differentiable 
manifold with local coordinates X{. Real valued 
C°°-vector fields (denoted by V, W, X, Xx, ..., Xn, 
Y, Z) and real valued C^-differential forms (denoted 
by Greek letters) on M can be considered. The 
components of the vector field X are denoted by 
x^ldxi, this means X = X1d/dxH -\-Xndjdxn 

(in local coordinates). Moreover, we have the space 
of the real valued C°°-functions / : M -» R. W e 
assume throughout that all mathematical objects 
are smooth. 

N o w the concept of the Lie derivative of a form 
w.r.t. a vector field can be introduced [1 — 6]. The 

Lie derivative o f a form a w.r.t. X is defined by the 
derivative o f a along the integral curve t - > &t of X, 
i.e., 

a = lim { ( # « * < * - a ) / « } . (1) 
t-+o 

The definition o f the Lie derivative is not useful for 
practical calculations. Rather, we use the important 
identity 

£ x a = d ( X - J a ) + X - J (da) , (2) 

da denotes the exterior derivative of the form a. 
X —i a is the contraction o f a by X (also called 
inner product) . For a form, a, the Lie derivative L x 
may be viewed as the propagator of the form, a, 
down the trajectories of the vector field X . 

For vector fields the Lie bracket can also be 
considered as a Lie derivative. This means 

(LxY)f=[X,Y]f = X(Yf)-Y(Xf). (3) 

Before introducing the notion of invariance we 
give the rules of manipulation. Most of the rules 
can be found in the literature [1 — 6], [23, 25]. 
a and ß are r- and s-forms respectively. / , / i , . . . , ft, 
g are arbitrary functions, c, C\, . . . , C4 denote 
constants. The Lie derivative of a differential form 
w.r.t. a vector field has the following properties: 

Lx{ci(x. + c2ß) = ciLxoL + c2Lxß, (4) 

L i C lx+c2Y)^ = c i L x c c + c 2 L Y a . , (5) 

Lx (a A ß) = (Lx a) A ß + a A (Lx ß), (6) 

I / I A = / f c a ) + d / A ( I h a ) 1 (7) 

d(Lxx) = Lx(dx), (8) 

Lx(Y->ol) = [X, Y]->X + Y-J(LXX), (9) 

hx,Y] a = Lx(Lya) — Ly(Lxa.), (10) 

X-i(Lx<x) = Lx(X-Jx), (11) 

Lxf* = (Xf)x + f(Lxoi), (12) 

Lxfg = f(Lxg) + g(Lxf), (13) 
Lxc = 0 . (14) 
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In addition we have the rules for the exterior 
derivative, the transformation properties of differ-
ential forms (where 0: M-^-N: p-^-0(p) is a 
differentiable transformation from the manifold M 
into the manifold N), the inner product (which is a 
purely algebraic bilinear operation), and the Lie 
bracket of vector fields. 

( / i a + / a 0 ) A ( / 8 y + / 4 d ) 

= / i / 3 ( « A y ) + / i / 4 ( a A d ) ( 1 5 ) 

+ hfs(ß^y) + f2h(ßAd), 

<XA ß = (— l)rs ß A CC , (16) 

OL\(ßAy) = (cc/\ß) Ay, (17) 

d ( c i a + c2jÖ) = adx + c2dß , (18) 

d (a a = (da) A /? -f- (— l ) r a A (dß), (19) 

de = 0 , (20) 

dda = 0 , (21) 

» dfi 

&*(* +ß) = &** + &* ß , (23) 

0* (<X A ß) = (0* Oi) A {0* ß) , (24) 

0*{dx) = d ( 0 * a ) , (25) 

0*{df) = d(fo0), (26) 

0*(f*) = (fo<P)0*oL, (27) 

( / 1 X _ > + / 2 7 - J ) ( / 3 a + / 4 £ ) 
= f1f3(X^0i)+f1U(X^ß) (28) 

X -J / = 0 , (29) 

X - j X = 0 , (30) 

X -J (X ^ a) = ( X -J X ) ^ a = 0 , (31) 

X - i (a A ß) = (X - i a) A ß 

+ (-i)r**(X->ß), (32) 

[ c i X + c2 Y, c 3 F + c4IF] 
= C I C 3 [X , F] + CIC4[X, IF] (33) 

+ C2C3[F, F] + C 2C 4 [7 , IF], 

[X , F] = — [ F , X ] , (34) 

[fX,gY] = fg[X,Y] + f(Xg)Y-g(Yf)X, 
(35 

[X, [ F , Z ] ] + [Z, [X , F]] + [F , [Z, X ] ] = 0. 
(36 

743 

Observe that the operators d(.) and X —' (.) do not 
commute in general. The same is true for the 
operators X —' (.) and Ly(-). However, if X—Y, 
then Ly(.) and X —' (.) do commute [rule (11)]. W e 
mention that dd(.) = 0 and X -J ( X - J (.)) = 0, 
whereas LX(LX{.)) 4=0. Finally, let then 
X - J ( F ^ a ) = - F - J ( X a). 

The linear operators d(.) , X —i (.), and Lx(-) are 
coordinate-free operators. 

In general the physicist is familiar with exterior 
derivatives and exterior products. To calculate the 
inner product of a form and a vector field, we use 
the basic property (in local coordinates) 

d 
_ _. da* = da (37) 

and the rules (28) through (32). The given property 
means that the one-forms {dxj, j — 1, ..., n} are 
defined to be the duals to the elements of the basis 
{djdxi,i = 1, 

For example, the contraction of a vector field 
with a two form plays an important role in classical 
mechanics. Let X = X1d/dxi + \-Xndjdxn and 
a = dXi A dz ; , then 

X —I (dz* A dXj) = (X —' dXi) a dxj — dxi A (X —' dxj) 
= Xi dXj - Xj dXi (38) 

where ßAf = fAß = fß. As a further example, let 
M —Rn (or any open subset of IRn) and 

C O = dx\ A • • • A dxn . 

Then we have the local representation 

X - j M = 2 ( - L ) * + 1 X * D : R I A - - - A £ ( A - A D Z « . ( 3 9 ) 

i = l 

The circumflex indicates omission. Notice that 
(n— l)-forms and vector fields are in one-to-one 
correspondence via X X —i co. 

To sum up, the rules [Eqs. (4) through (14), and 
Eqs. (32), (37)] enables us to calculate, in local 
coordinates, the Lie derivative of an arbitrary form 
w.r.t. an arbitrary vector field. 

The notion of the co-derivative dcc of a form a is 
also important in physics. It is defined (in euclidean 
coordinates, M = Riemannian manifold) for an 
r-form (r ^n) a = / ( x ) d:ri A • • • A dxr as 

* df 
da. = 2 , ( — ^ — dâ i A • • • A dx\ A • • * A dxr (40) 

i = 1 dXi 

and df = 0. d(.) is a linear operator. Observe that 
in contrast to the differential operator d, the co-
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differential operator d involves the metric structure 
of M (Riemannian manifold) in an essential way. 
Let co = j(x)dx\ A • • • A&xn, then (d<5 + dd)u> = 
(A / ) d#i A • • • A dxn, where A is the Laplace operator, 
i.e. A = d2/dxi2-{- \-d2 dxn2. Note that <$<5a = 0 
[analogously to d d a = 0 and X —' (X —' a) = 0]. 
On the other hand d L x x ^ L x d < x , in contrast to 
rule (8). 

The star operator *( . ) , also important in physics, 
is defined for an r-form a = dx^ A • • • A dxir as (M 
orientable manifold) 

* a = ± d ^ I A - - - A dx ? n _ r , ( 4 1 ) 

where ( i i , ..., ir, ji, . . . , jn-r) is a permutation of 
(1, . . . , r i ) and i is the sign of the permutation. 
* ( . ) is a linear purely algebraic operator which 
obeys the rule *(/a-f-<7/5) = / ( * a ) -\-g(*ß)- a - > * a 
defines an isomorphism. As an example, let 
co = A • • • A dxn (M=Un), then *co = l . In IR2, 
with the rectangular coordinates (x\, x%), we have 
Hcd î = dx%, *dx2 = — d x i . The star operator plays 
an important role in the algebraic topological 
interpretation for basic equations in electro-
magnetic fields. 

The operator Lx(.) can also be applied to 
covariant and contra variant tensors. The differential 
forms are a special class of covariant tensors. 
However, some physical quantities, for example 
the energy-momentum tensor, cannot be expressed 
as a differential form. Hence, for the sake of 
completeness Ave consider the Lie derivative of 
covariant tensors. Let S and T be covariant 
tensors. W e have the following rules. Again, the 
operator Lx{.) is linear. This means 

LX(T + S) = LXT + LXS, (42) 

Lx+YS = LxS + LyS. (43) 

In analogy to Eqs. (6) and (12), one has 

Lx(T <g> S) = (Lx T) ® S + T ® (.LXS), (44) 

Lx(fT) = (Xf)T + f(LxT). (45) 

In local coordinates a covariant tensor can be 
expressed as 

ii...ip = l 

Consequently, to calculate the Lie derivative of T 
with respect to X it remains, after applying the 
rules given above, to determine the expression 
L x d x i . This can be done by making use of the 

rule (2). Because of d d ^ = 0, wre obtain Lxdxi = 
d ( X —i dxt) = d X f , where d Z f is given b y Equation 
(22). With the rules given above we are able to 
treat invariance problems which arise in the theory 
of relativity [20, 21]. Requiring that LXT = 0, then 
Ave get the so-called Killing vector fields. 

3. Invariance Conditions 

Starting with the definition given above we are 
able to establish the notion of invariance. Let X be 
a vector field on M and a a form on M. The require-
ment that a differential form, a, be a conformal 
invariant w.r.t. a vector field, X, is realized by the 
statement 

Lx a = <7 a , (47) 

where ge C°°(M). I f <7 = 0,then we call a invariant 
w.r.t. X. Thus we have the condition 

Lx a = 0 . (48) 

The object a does not change as it propagates down 
the trajectories of X. For short we call a X-invariant 
[26]. As a first example, let 

X = y d/dx — x djdy 

and 
<x = (xf(r) — yg(r))dy - (yf(r) -f xg(r)) dx, 

where r2 — x2 -f y2. Then Lxcn = 0. As a second 
example, let us consider the Lorentz group. This 
group is associated writh the following vector fields 
(c t —>• t, c = speed of light) 

d d d d 
Xx 

dx 
x2 = = t-jj—h y By dt ' 

d d d a 
X3 

= lTz 
X4 = 

- y l x ~ X dy ' 

x5 
d d 

, X6 

d d 
x5 

~ dy ~yTz , X6 ~ dx 

The quadratic form x2 + y2 + z2 — t2 is invariant 
under the above vector fields X i , . . . , X $ . This 
means 

LXi(x2 + y2 + z2-t2) 
= Xt(x2 + ij2 + z2 - t2) = 0 . (50) 

As a third example we consider the forms 
a = d$ — udt — vdx , 

da = — du A d£ — df A dx , (51) 
ß = du/\ dx dv A D £ — m2 D X A dt, 



W.-H. Steeb • The Lie Derivative, Invariance Conditions, and Physical Laws 745 

and the vector field 

x - 9 
X dt ^ ^ dx V du U dv 

(52) 

where m2 is a constant. We obtain Lxcl = 0 and 
Lxß = 0. Since Lx<x. = 0, we find that Lxda = 0 
(rule (8)). Thus the forms a, da, and ß are X -
invariant. The example has physical meaning. It 
describes that the (one dimensional) Klein-Gordon 
equation {d2&/dt2 — d2&/dx2 + m2 & = 0) is invari-
ant under the Lorentz transformation. Within the 
geometric approach of partial differential equations 
[23, 24] we cast the pde into an equivalent set of 
forms. In the present case we have put d0/dt = u 
and d&/dx = v. The (once-extended) vector field X 
(Eq. (52)) is associated with the Lorentz trans-
formation. 

An X-invariant form a is said to be an absolute 
integral invariant [26] of X if in addition X —1 a = 0 
or equivalently if simultaneously 

X -J a = 0 and X -J da = 0 . (53) 

A first integral of X is an absolute integral invariant 
of order 0. 

A form a is said to be relative integral [26] of X 
if da is an absolute integral invariant of X . This 
means 

X —' da = 0 . (54) 

As an example (classical mechanics, harmonic 
oscillator with H = x2ß + y2ß), let 

a = y dx — (x2/2 + y2\2) dt 
and 

Y = - x djdy + y d/dx + d/dt. 

Then we find that Y —' da = 0, i.e. a is a relative 
integral invariant w.r.t. Y. 

The trajectories of the vector field Y will be 
invariant under a one-parameter group of trans-
formation generated by a vector field X , if X 
satisfies 

[X, Y] = fY. (55) 

Obviously, any vector parallel to Y trivially satisfies 
this equation. The question as to how to obtain the 
form or the vector field Y for a given X has been 
discussed by the author [27—31]. The special case 
of Eq. (55) namely [X, Y] = 0 is an integrability 
conditions. The geometrical meaning is that the 
(local) flows (& s , Wt) associated with X and Y 

commute, this means & s o x P t = x f / t o & s . An illustra-
tive example is given by the vector fields 

X = x d/dy — y d/dx 
and 

Y = x d/dx + y d\dy . 

In the present example we obtain the integrating 
factor X i Y2 - Y^X2 = x2 + y2. 

The relation between Eq. (47) and Eq. (55) can 
be seen by the following theorem: Theorem: Let 
M = [Rra (or any open subset of 1RW) and co — 
dxi A • • • A dxw . Let X and Y be two vector fields 
such that [X, Y] — fY. Then [31]. 

Lx(Y -J co) = (/ + d i v X ) ( Y - j co) 

Finally, let us consider functions (although 
included in Eq. (48) as a special case, namely a is 
considered as a 0-form). If Lx f = 0, then we call / 
an invariant w.r.t. X (first integral of the dynamic 
system x = X(x)). Now let f{x) = 0 be an equation. 
Then / is called a relative invariant w.r.t. X if 
Lxf = Xf = 0 whether identically or by virtue of 
the equation / = 0. In the former case the equation 
f = c is invariant, and in the latter case not 
invariant, for all values of the constant c. 

Equations (47), (55) have been studied a great 
deal in physics [1—22]. The author has applied 
these equations for investigating dynamic systems 
containing limit cycles and periodic orbits [27—31]. 

If some invariants are known, other invariants 
can be calculated. We have the following properties: 
Let X be a vector field on M, and a, ß invariant 
forms of X . Then X —I a, da, and a A ß are invariant 
forms of X . The proof can be found in Abraham [1]. 

Let us consider conformal invariance. X —i a 
and a A ß are conformal invariant forms of X , if a 
and ß are conformal invariants under X . To prove 
the first assertion we consider the identity (9). If 
Z , z a = /a , then Lx{X -J a) = f(X -J a). A further 
contraction with the vector field X leads to nothing 
new. The reason is that for every vector field X 
and every form a we get X —' (X —i a) = 0. To check 
the second assertion we apply the identity (6). If 
Lx a = / a and Lx a = g a, then 

Lx(aAß) = (f + g)(*Aß). 

It should be mentioned that in general da is not a 
conformal invariant w.r.t. X , if a is conformal 
invariant w.r.t. X . To see this we apply the identity 
(8) and the relation d (/a) = (d/) Aa-f /da. However, 
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if / is a constant, then da is a conformal invariant 
w.r.t. X. In order to treat partial differential 
equations within the geometrical approach the 
notion of invariance must be extended to include 
such cases as described above. 

Let X and Y be twro vector fields. Assuming 
Lxol = 0 and L y a = 0, we find that L [X iqa = 0. 
Invoking identity (10) Ave can easily prove the 
statement. On the other hand, if Ave consider 
conformal invariance, i.e. L ^ a = / a and L y a = gra 
then we cannot conclude that L [ X > r j a = Äa. For a 
special case the assertion holds, namely when both 
functions / and g are constants. This is due to the 
facts that d ( X —' ca ) = cd(X —' a) and 

( X - x Z ( c a ) ) = c ( X - > ( d a ) ) 

Avhere c is a constant. 

4. Applications to Physics 

N O A V let us apply the deAreloped tool to some 
problems in physics. Since we are studying problems 
in space-time, the vector field under investigation 
takes the form 

i= 1 dxi 

d 

"dt 
(56) 

Avith the function Xi(x, t). The above vector field is 
usually called the Eulerian (velocity) field. Through-
out we investigate the case n — 3. Sometimes Ave 
modify the vector field slightly according to / Y, 
AA'here f(x, t) is a smooth function. Now Ave can 
apply, via the Lie derivative, the vector field Y to 
0-forms, 1-forms, 2-forms, 3-forms, and 4-forms. 
The problem will be considered from an opposite 
point of vieAv. W e require that Ly(.) = 0, Avhere (.) 
stands for the form. N O A V AA'E ask Avhether or not 
the resulting equations have a physical meaning. 
Consequently, Avhat Ave have to do is to identify 
both the vector field X and the form with physical 
quantities. It will be shown that this task can be 
done. Thus, the invariance requirement yields 
physical laws. 

As useful abbreviations we introduce 

and 

Q = D X I A D X 2 A D ^ 3 A dt 

CO = D X I A D X 2 A D ^ 3 

(57) 

(58) 

Hence, Q is the vTolume element in space-time and 
co the spatial ATolume element. 

Consider first the vector field / Y and the 4- form 
Q. Using Eq. (5) and Eq. (7) Ave find that 

LfYQ = [ j t + 

+ X 3 

dxi 

dx3 

X2 
3/ 

dX2 

+ / div X) Q (59) 

Demanding that L f y Q — 0, then, after a little 
algebraic manipulation, Ave obtain 

dj a d{fXt) _ o 

dt ^ dxt 
(60) 

because Q is a basic element. I f wre identify the 
quantity / with the mass density and X with the 
velocity ATector field (X1 — dxt/dt), then the above 
equation describes nothing more than the well-
knoAvn continuity equation in local (differential) 
form. Obviously, we get the same result when we 
consider the field Y and the form fQ. 

The energy balance equation can readily be 
obtained by slightly modifying the example given 
above. N O A V we start with the vector field (fg) Y + A, 
Avhere 

d d d 
A = A i - - — + (61) 

dx i dx 2 dx a 

with the function Ai(x, t). Both / and g are smooth 
function of x and t. W e require that 

(62) 

This means Ave consider conformal inA^ariance. B y 
straightforAA'ard calculat ion vre f i n d t h a t 

d(fg) , ^ d(fgXi) 3 dA* 
dt i = i dxi 

(63) 

/ is the mass density, g the total energy per unit 
mass, A represents the heat flux density, and fp the 
internal heat generation rate per unit volume. 

Requiring that /co = 0, then we also obtain the 
continuity equation, howeArer an additional condi-
tion appears. W e have 

r , ,df , 3 d(fXi 
Ly f co = \ — + 2 , — - — 10 J 

I dX i 

dxi 
(64) 

/ ^ - D ^ 2 A D ^ 3 A D ^ + 
dt 

dx 2 

~dt 

• D ^ 3 A D ^ I A dt 
dx 3 

dt 
D X I A dx-i A D £ 
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Besides the continuity equation, we get the condi-
tions 

d X i d X 2 d X 3 
(65) 

dt dt dt 
= 0 

Equation (65) tells us that the flow is steady. 
Before proceeding further it will be necessary to 

explain the connection between the Lie derivative 
and what in hydrodynamics is called the sub-
stantial or material derivative. Let X = (X1, X2, X3) 
be a velocity field. Then the substantial derivative 
of X, denoted by DX/Dt, is defined as 

DX dX dX 
(66) 

+ grad( (X) 2 /2 ) - X x curl X 

where (X) 2 = (X 1 ) 2 + (X 2 ) 2 + {X3)2. In cartesian 
coordinates let a = X 1 d x i - | - X 2 d x 2 + X 3 d x 3 . Then 
it follows that 

Ly a = 2 
i= l 

. dX} 

dxi 
dXj 3 

dt 
3 dx*\ 

t = i 
I x t 

dxi 

dT 

(67) 

dt. 

Consequently, the expression Lycc — d ( (X ) 2 / 2 ) is 
equal to the expression given by Equation (66). N o w 
we are able to establish the Eulerian equation (or 
particular forms of it) in the language of Lie 
derivative and exterior derivative. For example, 
the equation 

Ly a = d ( ( X ) 2 / 2 ) — d p (68) 
yields 

dX/dt + grad( (X) 2 /2 ) - X X c u r l X 

= — / - 1 grad p ; (69) 

/ is the mass density, and p denotes the pressure. 
Thus Eq. (69) describes the Eulerian equation. 

In the present example we have mainly considered 
cartesian coordinates, but we emphasize that the 
operators d(.) and Lx{-) are coordinate free. 

Finally, let us discuss some problems concerning 
the notions , ,grad", , ,curl" and , ,div" in space-
time. In R 3 with coordinates x, y, z we have the 
following properties: Let @ = @(x, y, z). The equa-
tion d& = 0 is equivalent to grad 0 = 0, because 
dx, dy, and dz are basic forms. Let 

a = Ei dx -F E2 dy + E3 dz . 

Then the requirement da = 0 is equivalent to 
curl E = 0 with the vector E = (Ei, E2, E3), because 

dx A dy, dy A dz, and dz A dx are basic forms. Now 
let ß= Bizdx A dyB23dy A dz-\- B3\dz A dx. It 
follows that dß = 0 is equivalent to div B = 0 with 
the vector B = (B23, B31, B\2). In space-time the 
situation becomes more complicated. In space-time 
we obtain physical laws for appropriate forms. 
The continuity equation can be expressed as 
follows. Let 

a = / (dx A dy A ds — X^ dy A dz A d£ 
— X2 dz A dx A d£ (70) 
— X 3 dx A dy A dt). 

Applying the rule d(^f A) = (dgr) A X + gdk, we find 
that the requirement da = 0 leads to the continuity 
equation. / is the mass density and X the velocity 
field. Consider next the 2-form 

ß = B23 dy A dz + £12 dx A dy - F B3i dz A dx 
- F - Ei dx A d* + E2 dy A d£ 
+ E3 dz A D * . 

The equation dß = 0 yields curl E = — dBjdt and 
div B = 0. The first equation is Faraday's law of 
induction and the second one the nonexistence of 
true magnetism. Finally, let us consider the 1-form 
y = X 1 dx + X 2 dy + X3 dz - ( (X) 2 /2 ) dt - p dt, 
where (X ) 2 = (X 1 ) 2 + (X 2 ) 2 + (X3)2. The condition 
dy = 0 leads to the equation curl X = 0 and 
dX/dt + grad ( (X) 2 /2) = — grad p. Thus we find a 
particular form of the Eulerian equations, i.e. 
curl X vanishes, p denotes the pressure. Obviously, 
the described approach can be extended by consider-
ing the condition da = ß instead of da = 0. Thus 
ß is an r-form and a an (r— l)-form. 

5. Conclusion 

To sum up, we have shown that the concept of 
Lie derivative is a powerful tool for describing 
physical laws. In particular, the balance equations 
can be obtained rigorously. The given approach 
can also be applied to differential conservation laws 
in the theory of relativity. However, some quantities 
in this field cannot be represented as a differential 
form. Here we must use Eqs. (42) through (46). 

Since the physicist is not familiar in general with 
the rules of manipulation of the Lie derivative a 
short review about the properties of the Lie 
derivative has been given. Throughout we have 
studied local forms of the derived equations. In 
most cases the euclidian space has been the underly-
ing Riemannian manifold. 
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To extend the present theory it is necessary to 
include integration on manifolds and in particular 
the theorem of Stokes [32], With this tool we are 
able to introduce quantization. 

In the present paper we have considered the 
concept of invariance, conformal invariance, integral 
invariance, and relative integral invariance. Relative 
integral invariance plays the central role in classi-
cal mechanics. The concepts of invariance and con-
formal invariance are important for deriving bal-
ance equations. To treat partial differential equa-
tions (linear and non-linear) within the present 
approach the concept of invariance must be exten-
ded. The partial differential equation is cast into a 
system of partial differential equations of first order 
and then into an equivalent system of differential 
forms. The equivalent system of differential forms 
is a differential ideal [33]. An example of a dif-
ferential ideal is given by Equation (51). 

In physics it is known that via the concept of 
variation (what in mathematics is called the 
Frechet derivative of certain mappings between 
Banach spaces) physical laws can be obtained (as 
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